Abstract. An accurate modeling of roller bearing element, considering the complex contact behavior and load conditions, is very important to the geared-rotor system design. This paper presents an enhanced bearing stiffness matrix for a deep groove ball bearing by including the elastohydrodynamic lubrication (EHL) effects in the ball-raceway contact. The bearing model is subjected to the coupled lateral-translational loads. The EHL contact is calculated by employing the multilevel method. Then, the EHL result was used to drive the relationship between the contact force and mutual approach. Moreover, the effect of the centrifugal inertial force on the ball elements resulting from the circumferential cage motion is considered. New equilibrium equations of the ball bearing considering the EHL contact model were established, and an enhanced bearing stiffness matrix was given. The dominant stiffness coefficients of deep groove ball bearing due to external loads under both lubricated and dry contact conditions are compared. Parametrical studies are also carried out to investigate the influence of the EHL on the stiffness matrix. Results show that the EHL has a negligible effect on the radial stiffness coefficients for all load conditions. However, the EHL has more influence on the rotational and coupling stiffness coefficients.
Introduction
In modeling the geared rotor-bearing systems, the rolling bearing effect can be easily incorporated into the system model by introducing the relevant bearing stiffness set [1] [2] [3] . Hence, it is highly desirable to develop an accurate stiffness model of rolling bearings to facilitate the dynamic analysis and system design. The mechanical contact linking the rolling element and raceway as the force path is the key factor affecting the bearing stiffness. The contact property is determined by the geometrical dimensions and material characteristics of contact bodies, such as ball/roller elements, inner/outer raceways and the existence of lubricants.
Elastohydrodynamic lubrication (EHL) is the common lubrication type in the rolling element bearings to guarantee a long lifecycle. However, most of the research work on the analytical modeling of bearing stiffness matrix normally neglects the EHL effect due to its complexity. The pioneering work on the dynamic modeling of rolling element bearings was done in more than 50 years ago by Jones [4] , in which the radial and axial load-deflection relation of bearing was characterized by a nonlinear stiffness coefficient. Then, the spring features of ball bearing and its contribution to the vibration of the rotor were investigated by Shimizu and Tamura [5, 6] . The dry contact stiffness coefficients have been widely adopted in general geared rotor dynamic analysis, such as spur and hypoid geared rotor systems [3, [7] [8] [9] . The main contribution of lubrication film is only considered by decreasing the friction coefficients in multi-body dynamics analysis including rolling bearing and the effects of the fluid dynamics without quantifying the contact stiffness [10] .
There have been some research efforts driven to understand the effects of the EHL film on the contact stiffness at the rolling element-raceway contact or bearing stiffness. The early study of EHL contact stiffness was performed by Wijnant [11] , where an approximation formulation was proposed to describe the contact force and mutual approach for circular and elliptical EHL contacts. An implicit stiffness formulation for the EHL contact was further obtained and applied to investigate the effect of the lubricant on the dynamic behavior of rolling element bearings [12, 13] . Then, based on the observation that the EHL pressure resembles a pure hydrodynamic pressure for low loads while approaches to the dry Hertzian contact pressure for high loads, Wiegert [14] developed the EHL contact stiffness approximated by a series connection of a hydrodynamic and a Hertzian force element. Based on an elastohydrodynamic lubrication line contact-vibration model, Zhang [15] studied the stiffness and damping of oil film existed in the EHL contact region. The results showed that the oil film stiffness made less contribution to the total contact stiffness compared to the Hertzian contact stiffness. Very recently, Notato [16] suggested a polynomial relation for the dimensionless restoring force and mutual approach at the lubricated contact, establishing the first explicit force-displacement formulation at each contact. Later, a novel approximate relation for the EHL contact between ball element and raceway in deep groove ball bearing was proposed by Notato [10] . Nonato assumed that the EHL contact relation follows a unified behavior for a given constant inner speed, analogous to that of its equivalent dry contact, but shifted by a rather constant amount. It was reported that this contact assumption was validated indirectly by the laboratory rotor-bearing test. Moreover, the damping coefficient of the EHL contact was proposed. Then, a translational bearing contact dynamic model was derived by considering the stiffness and damping of the EHL film. Jacobs [17] experimentally investigated the formation of a lubricate film in a deep groove ball bearing and its effect on the bearing dynamics. The test results demonstrated that EHL has a weak effect on the radial stiffness coefficients.
In addition, there are quite a few contributions on the study of EHL for an abnormal lubricated bearing system with surface defects [18, 19] . The theoretical studies show that the contact stiffness under hydrodynamic condition is less than that under the Hertian condition with deep surface defects, and squeeze film damping operates most efficiently in the region of thicker films. Liu [20] calculated the time-varying contact stiffness between the roller and races due to the nonuniform surface waviness and investigated its effect on the vibration response of the lubricated roller bearing. Babu [21] analyzed the nonlinear vibration of an elastically deformable shaft at high rotational speeds supported on two lubricated angular contact ball bearings with surface waviness on races and balls, however, the detailed calculation process for the stiffness and damping of the lubricated contacts were not given, and the influence of the EHL on the bearing stiffness coefficients were also not investigated.
It is noted that the existing studies are mainly focused on the analysis of the contact stiffness for the lubricated rolling element and raceway contact under relatively low bearing speeds [10, 16] . There are no reported works in public on the discussion of the effect of the EHL on the bearing stiffness coefficients at high bearing speeds. Note, the centrifugal inertia force for rolling element should be considered at high bearing speed. In addition, only the radial stiffness coefficients of the lubricated bearing were considered in [10, 16] . The effect of the lubrication on the coupling stiffness coefficients proposed by Lim and Singh [22] to predict plate rigid-body angular motion or plate flexural motion as excited by shaft motion attracted little attention. There is a need to develop a comprehensive stiffness matrix used for characterizing the out-of-plane type motion given the bending motion on the shaft by considering the EHL and high speed effects. To fill in these gaps, an improved analytical bearing stiffness matrix considering both the EHL and high speed conditions is conducted in this work. In the first part of this study, the EHL contact was developed using the multilevel method proposed by Venner and Lubrecht [23] . Based on the numerical results of the EHL contact, an explicit contact force and mutual approach formula was derived considering the centrifugal inertia forces applied on ball element for low and high bearing speeds. These relationships are used on the establishment of the lubricated bearing equilibrium model describing the relation of bearing forces and displacements. An enhanced five-dimensional stiffness matrix of the lubricated bearing is given based on the comprehensive dry contact bearing stiffness matrix proposed by Lim and Singh [21] . Furthermore, the stiffness coefficients from both dry and lubricated bearings under different combinations of loads are compared, and the effects of EHL on stiffness coefficients are discussed.
EHL contact model

Definition of mutual approach
The schematic diagrams of dry contact and EHL contact are shown in Fig. 1 . For the dry contact, the displacement of the load point is equal to the elastic deformation at the contact center. However, for a lubricated contact, due to the hydrodynamic lift effect of fluid films, the displacement of the load point is the difference of the elastic deformation and film thickness at the contact center:
where, is the mutual approach (the relative motion between two undeformed points within the contact bodies in the direction normal to the lubricated contact surface). Note the displacement of the load point is the mutual approach for the dry contact. 
Contact force and mutual approach relationship
Before incorporating the effect of thin film lubrication on the analysis of bearing equilibrium model and hence the bearing stiffness, an explicit relationship between the EHL contact force and the mutual approach is developed. Here, the method proposed by Nonato is adopted in this study. Nonato [10] assumed that the relation for lubricated ball element and raceway contact follows a unified behavior for a given constant bearing speed, similar as that for the dry contact, but shifted by a certain constant amount. Then, the following formulation was given [10] :
where and are mutual approach and contact force at the ball element-raceway contact, respectively. The stiffness coefficient , the exponent , the contact force constant Δ can be obtained via a curve fitting of the data of contact forces and mutual approaches. This contact assumption has been validated indirectly by the results from a laboratory rotor-bearing test rig [10] .
The geometry and material parameters of deep groove ball bearing and lubricant parameters are listed in Table 1 . The chosen inner ring rotational speeds of bearing are 6308 r/min and 18924 r/min and the outer ring is fixed. Ignoring the gross slip at the rolling element-raceway contact, the linear speed at the center of ball element and the rotational speed of ball element about its own axis can be calculated as [25] :
where, is the rotational speed of bearing inner ring, is the diameter of ball element, and is the average of and which are inner and outer raceway diameter, respectively. The rolling speed at the ball element-raceway contact in bearing and the centrifugal inertia force applied on ball element can be obtained by:
where, is the mass of ball element and its value is 0.02 kg. Based on the above Eqs. (3)- (6), the rolling speeds are = 10 m/s and = 30 m/s, respectively, corresponding to inner ring speeds of 6308 r/min and 18924 r/min, and the inertia forces applied on ball element are 40 N and 354 N, respectively.
For the bearing with a high speed, the centrifugal inertia force applied on ball element must be considered for the calculation of EHL behavior. The contact force range at the ball element and inner raceway contact varies from 600 N to 2000 N, and the outer raceway contact force is the summation of the inner raceway contact force and inertia force on ball element. Following the similar analysis by Nonato [10] , the multilevel technique [22] is adopted to model the EHL contact, which is introduced to numerically evaluate the Reynolds equation governing the gap film flow. In order to achieve a better numerical convergence and reduce the discretization errors, the asymmetric integrated control volume scheme [25] is used to discretize the second-order partial differential Reynolds equation. The Roelands equation [26] is used for the viscosity-pressure relation, and the lubricant compressibility is modelled with the Downson and Higginson [27] . The discrete convolution and fast Fourier Transform (DC-FFT) scheme [28] is applied here to reduce the computation time of elastic deformation at EHL contact domain. A complete description of discretization and solution process of EHL problem can be found in [22, 24] , and the application of DC-FFT scheme for solving elastic deformation is discussed in detail in [27] . Pressure viscosity coefficient (Pa
The elastic deformations and film thicknesses at the inner and outer raceway contacts are obtained by multilevel technology. The mutual approach for each contact is calculated by the Eq. (1). Based on the Eq. (2) proposed by Nonato [10] , the contact force at each contact can be expressed as shown in Eq. (7) as the function of the mutual approach:
where, the index and represent the inner and outer raceways contact, respectively. It is worth noting here that a combine loaded deep groove ball bearing at high speeds acts as an angular contact ball bearing due to the effects of gyroscopic motion of the ball element, which can result in a little difference for the inner and outer contact angles. In this paper, the zero gyroscopic moment is assumed for each ball element, therefore, the inner and outer contact angles remain the same. Based on the assumption, the total mutual approach between inner and outer raceways at the position of a ball element can be obtained as follow:
Due to the centrifugal inertia force applied on the ball elements, the inner and outer raceways contact forces satisfy = + . Then, Eq. (8) can be rewritten as:
here, Δ * = Δ − . Nonato assumed that the total mutual approach and inner raceways contact force follow the similar behavior to each individual contact. Therefore, the Eq. (9) is rewritten as:
The inner raceway contact force at the ball element position is related to the total mutual approach between the raceways by the above Eq. (11). Actually, for the dry contact, the same expression as Eq. (11) can also be derived when the centrifugal inertia force acting on the ball element is considered. Therefore, Eq. (11) is used here to describe the contact relation at the ball element position between the raceways for both lubricated and dry contacts.
For the above given rolling speeds (or bearing speeds), the total mutual approaches due to different inner raceway contact forces are shown in Fig. 2 for both lubricated and dry contacts. The unknown coefficients in Eq. (11) can be obtained by fitting the inner raceway contact forces and the total mutual approaches. A least square method is employed to find the unknown coefficients as shown in Tables 2. The coefficients of determination for these fits are almost 1, which represent that the perfect matching is achieved between the fitted formula and calculated data.
As can be seen from Table 2 , the contact force constant Δ is negative for the dry contact. Here, the negative value implies that the there is no inner raceway contact force until the mutual approach exceeds a certain value. The reason might be due to the fact that the elastic deformation at the outer raceway contact resulting from the centrifugal inertia force on the ball element leads to a gap between the ball element and inner raceway. Therefore, the inner raceway comes into contact with the ball element resulting in the generation of contact force only if the mutual approach between raceways is large enough to eliminate the gap. For a larger inertia force on the ball element due to higher rolling speed, the gap becomes larger and a bigger mutual approach is required for the generation of the inner raceway contact force.
For the EHL contact, the combined effect of the lubricated film and the centrifugal inertia force determines the value of the contact force constant. On one hand, the lubricated film forms at the inner and outer raceways contacts at near to zero contact force due to rolling speed. On the other hand, the centrifugal inertia force results in the generation of the elastic deformation at the outer raceway contact and the gap at the inner raceway contact. For a high bearing speed, the lubricated film thickness is not enough to fill the gap, which is similar to the dry case and results in the negative contact force constant. For a low bearing speed, however, the hydrodynamic lift effect is dominant compared to the effect of the centrifugal inertia force. The inner raceway moves away from the outer raceway. In order to keep the mutual approach between raceways at zero value a positive load, i.e. contact force constant, should be applied to the inner raceway contact. 
Fig. 2. Contact force and mutual approach relation for both dry and EHL contacts between inner and outer raceways at two different rolling speeds
Bearing load-displacement relations considering EHL
The schematic diagram for the relations between bearing loads and displacements for dry contact ball bearing are shown in Fig. 3 [21, 29] . As seen from Fig. 3(a), (b) , for the ball bearing subjected to forces ( , , ) and moments ( , ), the resultant translational and rotational displacements generated in the bearing inner are ( , , ) and ( , ), respectively. Also, the ball and raceways will be displaced. Detailed schematic diagram of the deformation at the th ball element position located at angle from the -axis is shown in Fig. 3(b) . Here, is the position of the outer groove curvature centers, and are the initial and final locations of the inner raceway groove curvature center before and after the deformation at the th ball element position, respectively. The normal force on the th ball element is given in detail in Fig. 3(c) , where the bearing structures including ball element, inner raceway and outer raceway are ignored for purpose of simplification.
The bearing load-displacement relations for dry contact have been elaborated in [21, 28] and can be derived by considering the relations of (i) the displacements of inner ring and the deformation of outer raceway-ball element-inner raceway, (ii) the load and the deformation for outer raceway-ball element-inner raceway contact, and (iii) the normal loads on all ball elements and bearing forces and moments. The lubricated ball bearing load-displacement relations can be also derived on the basis of above steps, but the load and deformation relation for outer raceway-ball element-inner raceway for dry contact (denoted as (ii)) needs to be replaced with the lubricated contact force and mutual approach relation as shown in Eq. (11) . The lubricated ball bearing load-displacement relations is given directly as follow and more detailed derivation process can be found in [21, 28] 
where is the unloaded contact angle, and is zero for deep groove ball bearing. The mutual approach at the th ball element position is calculated as:
where and are the unloaded and loaded relative distance between the inner and outer raceway groove curvature centers. and are the radial and axial displacements at the th ball element position, respectively. is the radial clearance, and is the radial distance of inner raceway groove curvature center for the ball bearing. 
Development of bearing stiffness matrix
The stiffness matrix for the ball bearing can be derived from the partial derivatives of the load expressions (i.e., Eq. (13)) with respect to the displacements (including both translational and rotational displacements) of the inner ring [21] , which is given as:
Note the above ball bearing stiffness matrix consists of radial, axial and rational stiffness coefficients (diagonal) and coupling stiffness coefficient (off-diagonal). The explicit expression of each item in is the function of bearing displacements as shown in Appendix A (note that is symmetric, i.e. = ). It should be noted that all stiffness terms associated with the torsional degree of freedom are zero (having been omitted) due to the fact that an ideal bearing allows free rotation about the -direction.
Since the bearing stiffness coefficients are the function of bearing displacements, the stiffness matrix can be directly determined for a given a set of bearing displacements input. Yet, in practice, only the external forces applied to a bearing system are known. In such cases, the resultant bearing displacement vectors due to known bearing forces can be obtained by solving the system of nonlinear algebraic equations describing the load-displacement relation of the bearing system as shown in Eq. (12) . For the solution to be reliable, an appropriate numerical method must be chosen to solve these nonlinear equations iteratively. Energy method is proposed to solve the dry contact bearing displacements and proved to be a fast and reliable numerical method for the computation of bearing displacements in [28] . The proposed energy method is based on the principle of minimum potential energy derived from classical mechanics, which is a global searching method. The exact displacements can be found by searching for the displacements that yield the minimum total potential energy of the bearing system. This algorithm overcomes the deficiencies seen in classical iterative method requiring the trial-and-error of different initial estimates.
However, in the current analysis, the energy method cannot be used directly to solve lubricated bearing displacement due to the existence of lubrication film. Since the lubrication film thickness is much less than the elastic deformation at contact domain, the differences of bearing displacements for dry contact and lubricated contact are very subtle. The dry contact bearing displacements should be a good initial guesses for lubricated bearing displacements. Therefore, the energy method is applied first to solve the dry contact bearing displacements; then these displacements as the initial guesses of lubricated bearing displacements are substituted into classic iterative method, such as Newton-Raphson, to solve the exact lubricated bearing displacements. Finally, the stiffness matrix of the ball bearing is calculated by the obtained bearing displacements.
Influence of EHL on the bearing stiffness
The stiffness coefficients of lubricated deep groove ball bearing subjected to following load conditions are investigated: (i) radial load and (ii) the combination of radial load, axial load and moment. For the purpose of comparison, the dry contact bearing stiffness coefficients are also given in current analysis.
Bearing stiffness due to radial load
Given the radial load applied on the bearing, the bearing inner ring generate only the translation in the radial plane (bearing plane), in such case only the stiffness coefficients in the radial plane should be concerned. For a symmetry reference position, the applied radial load towards the first ball element is shown in Fig. 4 . The radial displacement and the stiffness coefficients , exist, and other displacements and stiffness coefficients in radial plane are zero. Fig. 5 and Fig. 6 show the non-zero displacements and stiffness coefficients for different rolling speeds and contact conditions, respectively, as a function of the radial loads of bearing. The radial displacements for both dry and lubricated contacts increase as the radial load increases. It is noticed that for the radial load level of 2000 N, the radial displacements for the dry contact are about 5 % ( = 10m/s) and 10 % ( = 30 m/s) more than those for the lubricated contact. But this discrepancy reduces to 3.2 % ( = 10 m/s) and 6.8 % ( = 30 m/s) when the radial load is increased to 4000 N. The trend indicates that the effect of EHL on the bearing displacement decreases gradually with the increasing of radial load. That is reasonable since the increased load tends to squeeze the lubrication and the film thickness becomes smaller. In particular, as can be seen from Fig. 6 , the EHL has a minimum influence on radial stiffness coefficients. No matter for rolling speed of 10 m/s or 30 m/s, the radial stiffness coefficient and for lubricated contact are 1 % less than those for the dry contact throughout the whole range of radial load from 2000 N to 4000 N. The comparison has fully demonstrated that the effect of EHL on the radial stiffness coefficients can be ignored when only the radial load is applied on the deep groove ball bearing. Due to the cage motion, the stiffness coefficients have a time varying characteristic as shown in [10] . However, for other orbital positions of ball elements except for symmetry position in Fig. 4 , the difference of the radial stiffness coefficients of bearing under the dry and lubricated contact conditions is still negligible. Therefore, these results are not presented in current analysis. 
Bearing stiffness due to the combination of loads
Although the deep groove ball bearing is designed mainly to support the radial load, the combination of loads including radial load, axial load and moment is often applied to deep groove ball bearing due to the bending motion on the shaft. The bearing inner ring generates not only in-plane type motion but also out-of-plane type motion. In such case the radial, axial, rotational and some coupling stiffness coefficients are all non-negligible [29] . Therefore, the effect of EHL on the dominant stiffness coefficients of a deep groove ball bearing subjected to the combination of loads ( = 2000 N, = 1500 N and = 4000 Nmm) are investigated here. The variation of the displacements and dominant stiffness coefficients of bearing with normalized orbital position angle are shown in Fig. 7 and Fig. 8 . The normalized orbital position angle is defined as ⁄ where is the angular distance between 1st ball element and -axis and = 2 ⁄ radians is the element-to-element angular distance.
As can be seen from Fig. 7 , the results clearly show the periodic nature of the stiffness coefficients with the normalized orbital position angle except those coefficients related to translational degree of freedom of z direction keeping almost horizontal. The periodic nature of the stiffness coefficients implies that the ability of bearing to resist the deformation varies with the positions of rolling elements, which results in the periodic fluctuation of bearing displacements. The time varying stiffness characteristic of bearing has been considered as one of the major noise and vibration sources in the rotating machineries typically seen in automotive, aerospace and industrial applications. As expected, the lubricated bearing displacements are less than the dry contact bearing displacements due to the existence of lubrication film. The differences of the displacements for the two contact conditions increase with the bearing speed. The comparison of the stiffness coefficients also shows the similar tendency. For the same speed, the stiffness coefficients for lubricated bearing are less than those for dry contact bearing (absolute value is compared for negative stiffness coefficients). But the difference of each stiffness coefficient for the two contact conditions is distinctively different. For the rolling speed of 30 m/s, the radial and axial stiffness coefficients of the bearing for dry contact are only 1.5 % and 3.5 % greater than those for lubricated bearing, respectively. However, the rational and coupling stiffness coefficients for dry contact are 4 % to 11 % greater than those for lubrication contact. The EHL has a more remarkable effect on the rotational and coupling stiffness coefficients compared to the effect of EHL on the radial and axial stiffness coefficients, and this trend is more obvious with the increasing of rolling speed (or bearing speed). In addition, multiple different values of the combination of loads are tested to analyze the effect of lubrication on the bearing stiffness. Nearly the same conclusions can be obtained that the rotational and coupling stiffness coefficients of the bearing for the lubricated contact are much lower than those for the dry contact, but the differences for the radial and axial coefficients under the two contact conditions are weak. According to Lim's work [30] , the dynamic model of the shaft-bearing-plate-mount system including the rational and coupling stiffness coefficients of bearing is indeed capable of predicting plate rigid-body angular motion or plate flexural motion as excited by shaft motion. The predicted results also show good agreement with those observed in the experiment. But the vibration model ignoring the rational and coupling stiffness coefficients cannot reach this goal. This showed that the rotational and coupling stiffness coefficients are the key factors demonstrating accurately the vibration behaviors of the shaft-bearing-plate-mount system. Due to the remarkable effect of EHL on the rotational and coupling stiffness coefficients, especially for high bearing speed, the EHL contact behavior has to been considered in the analysis of vibration behavior of the shaft-bearing-plate-mount system.
Conclusions
Based on the lubricated contact relation between raceways, the effect of EHL on the stiffness coefficients of deep groove ball bearing was analyzed. The power form formulation was used to capture successfully the trend of the mutual approach with the contact force for the lubricated inner raceway-ball element-outer raceway contact, and the effect of the centrifugal inertial force was also considered. The load-displacement relation for lubricated bearing was established, and the stiffness matrix with five dimensions was derived by evaluating the partial derivatives of the bearing loads with respect to each bearing displacement term.
The radial load and the combination of loads including radial, axial and moment loads as two forms of external loads are applied on the deep groove ball bearing. The dominant stiffness coefficients under the lubricated and dry contact conditions were calculated and compared. The comparison showed that the effect of EHL on the radial stiffness coefficients of bearing subjected to only radial load is negligible. EHL has a weak influence on radial and axial stiffness coefficients but a significant effect on the rotational and coupling stiffness coefficients when the combination of loads consisting of radial, axial and moment loads are applied on the bearing. In the future work, this enhanced bearing stiffness matrix considering the EHL effect will be applied for the dynamic analysis of geared rotor-bearing systems.
